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Abstract

We analyze \Go with the winners" for graph bisection.
We introduce a weaker version of expansion called \lo-
cal expansion". We show that \Go with the winners"
works well in any search space whose sub-graphs with
solutions at least as good as a certain threshold have lo-
cal expansion, and where these sub-graphs do not shrink
more than by a polynomial factor when the threshold
is incremented. We give a general technique for show-
ing that solution spaces for random instances of prob-
lems have local expansion. We apply this technique to
the minimum bisection problem for random graphs. We
conclude that \Go with the winners" approximates the
best solution in random graphs of certain densities with
planted bisections in polynomial time and ¯nds the opti-
mal solution in quasi-polynomial time. Although other
methods also solve this problem for the same densities,
the set of tools we develop may be useful in the analy-
sis of similar problems. In particular, our results easily
extend to hypergraph bisection, whereas it is not clear
whether the other known techniques do.

1 Introduction

Graph Bisection is the following problem: Given an in-
put graph G ¯nd a partition of G into two equal pieces
such that the number of edges between the two pieces
is the smallest among all possible partitions. Such par-
titions are called bisections. The size of a bisection is
the number of edges crossing the cut and the bisection
width is the size of the smallest bisection.

While this problem appears in many applications,
VLSI design most notably[BL84, AK95], the problem is
known to be NP-complete[GJ79], so we cannot expect
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to have good performance in the worst case. Instead,
heuristics are used to ¯nd good bisections on random
graphs drawn from speci¯c distributions. Since a ran-
dom graph G with n nodes and m edges (we say G is
drawn uniformly at random from the distribution Gn;m)
is likely to have a minimum bisection of size m=2, we
will instead assume the existence of a bisection of size
b, where b will be smaller than the size of the average
bisection, so that we be able to compare b with the so-
lution returned by the heuristic.

Bui et al.[BCLM] consider the classGn;d;b of d-regular
graphs on n nodes, with a planted bisection of size
b = o(n1¡1=b(d+1)=2c), and they give an algorithm, based
on network °ows, that ¯nds with high probability the
provably minimum bisection. Boppana[Bop87] consid-
ers theGn;m;b model, where graphs are chosen uniformly
at random from the set of graphs with n nodes, m edges
and bisection width b. His algorithm is based on com-
puting eigenvalues on matrices associated with the input
graph and returns the minimum bisection provided the
planted bisection satis¯es b ∙ 1

2
m¡ 5

2

p
mn lnn. Finally,

Jerrum and Sorkin[JSo93] analyze the Metropolis algo-
rithm on the model Gn;p;q of graphs with n nodes and a
planted bisection of density q separating the two equal
sized partitions of higher density p (this is basically
equivalent to the previous model with m = 1

4
(p + q)n2

and b = 1
4qn

2). They show that the Metropolis algo-
rithm (simulated annealing with a ¯xed temperature)
succeeds in ¯nding the minimum bisection provided that
p¡ q = n¢¡2, where 11=6 ∙ ¢ < 2.
Boppana's algorithm applies to a fairly large class of

graphs, including the graphs de¯ned by [BCLM], pro-
vided the di®erence 1

2
m ¡ b (called the de¯ciency of a

graph in [JSo93]) is (
p
mn lnn), but his results be-

come vacuous for graphs that are relatively sparse, i.e.
m < 25n log n, or equivalently p < 25 logn=n. Sim-
ilarly, the results of [JSo93] apply only when ¢ is in
the range de¯ned above and moreover become vacuous
when p ∙ n¡1=6. Jerrum and Sorkin's result compares
unfavorably with Boppana's result since the de¯ciency



(typically O(n¢) in the Gn;p;q model) is required to be
much higher: O(n11=6) against (n3=2

p
log n) for dense

graphs. However, despite the wide range of applicability
of Boppana's algorithm, the simplicity of the Metropolis
process makes it an attractive alternative even in this
restricted range, since the former is not simple to imple-
ment requiring the Ellipsoid method as a subroutine.
In this paper we analyze \Go with the winners"

(GWW), introduced in [AV94] as a modi¯cation for sim-
ulated annealing and in [DI96] as an optimization algo-
rithm, and prove that it succeeds with high probability
in ¯nding a good approximation to the minimum bisec-
tion for simple graphs as well as for hypergraphs. We do
this in two parts: In the ¯rst part we introduce \local
expansion", a combinatorial graph property similar to
but weaker than expansion. We show that, if each of the
sub-graphs of a search space consisting of solutions bet-
ter than a certain threshold has this property, and the
ratios of sizes for the sub-spaces for consecutive thresh-
olds is at most polynomial, then \Go with the winners"
¯nds optimal solutions in polynomial time. In the sec-
ond part we show, via a technical lemma involving mar-
tingales, that the space of bisections has this weak ex-
pansion property. We believe these techniques to be of
independent interest, suggesting that other combinato-
rial problems might be amenable to a similar analysis.
The rest of the paper is organized as follows: In the

next section we de¯ne the notion of local expansion and
prove that if a space has this property then GWW ¯nds
with high probability the optimal solution. In Section
3 we introduce the basic terminology about the Graph
Bisection problem that we will be using throughout the
paper. In Section 4 we give a technical lemma about
martingales which we use in Section 5 to prove the main
result about planted bisections. Finally, in Section 6 we
extend these results to random hypergraphs.

2 Local Expansion

In [DI96] a ¯rst attempt was made to characterize the
properties a solutions space of a problem ¦ should have,
so that GWW can be applied successfully. Here we show
how these properties can be weakened further. The al-
gorithm uses B particles that independently search the
space of all solutions and the goal is to ¯nd a solution
of optimal value. For completeness we repeat the al-
gorithm here as would be applied to ¯nd the minimum
bisection of a graph G. Denote by N the graph of all
possible solutions. Two solutions are connected by an
edge in N if one results from the other by making a lo-
cal change. In the case of bisections of a graph G, two
bisections are neighbors if one results from the other by

swapping two vertices at opposite sides of the bisection.

GWW for Graph Bisection

Denote by Ni the space of valid solutions during stage
i of the algorithm, i.e. the space of bisections of value
less than or equal to jEj ¡ i.
² Stage 0: GenerateB random bisections fromN and
place particles on each one of them.

² Stage i: Proceed in three phases.
1. In the predistribution phase, redistribute the
particles according to their down degree, which
is the number of neighbors y 2 Ni+1.

2. In the randomization phase, for each new par-
ticle perform a random walk for 2t + 1 steps,
restricting the moves as follows: in odd steps,
go to a random neighbor y 2 Ni+1, and, in
even steps, go to a random neighbor y 2 Ni.

3. In the postdistribution phase redistribute the
particles inversely proportional to their up de-
gree, which is the number of neighboring bi-
sections y 2 Ni.

Go to the next stage.

The intuition of the above algorithm is that in the
i-th stage and beyond we are implicitly deleting all bi-
sections of size larger than jEj ¡ i from the space of all
possible bisections. This divides N into components.
The redistribution phase will make sure that particles
in locally optimal bisections will be distributed among
non-local solutions, while the randomization phase will
ensure that particles remain uniformly distributed as
they advance to deeper and deeper levels of N (here t
is the time necessary for the random walk to converge
to the stationary distribution).
Denote by T the (implicit) tree that results from the

above decomposition of the space N , where each node
at level i of T represents a component of bisections of
size jEj ¡ i or smaller. It was shown in [DI96] that if T
has the following properties:

Properties

1. There are polynomially many components at each
level of T and their sizes are within some polyno-
mial p(n) of each other,

2. Each component has good expansion and

3. jNij
jNi+1j < q(n), for some polynomial q(n).

2



then particles remain uniformly distributed among the
various components and GWW can ¯nd the optimal so-
lution with high probability.
In this section we will deal with state spaces that do

not possess the above properties in such clear cut form.
In particular, we will consider the case where the state
space is not entirely disconnected, as suggested by Prop-
erty 1, but consists of loosely connected parts. Property
2 in such a case may not even be true. So instead, we
will introduce the notion of local expansion and prove
from ¯rst principles that after the randomization phase
of the algorithm particles remain uniformly distributed.
This will have the e®ect of collapsing Properties 1 and
2 into a new property which characterizes the entire
search graph and it is easier to work with (in Section
5 we will see that if we take a random walk in Ni such
that the probability of never visiting a solution outside
Ni stays polynomially small, then Ni expands locally).
Property 3 will stay as it is however, since otherwise
the space of all solutions would have many local optima
which would probably be bad for any search algorithm.
The proof is a combination of two di®erent parts: In

the ¯rst part, we de¯ne this weak expansion property
and use it to argue that a random walk on the space of
solutions di®uses rapidly, i.e. never restricts itself to a
small portion of the state space. More precisely, Lemma
1 states that this property is su±cient to guarantee a
decrease in the collision probability by a constant factor
at each step of the random walk. In the second part, we
use the above result to show that particles remain well
distributed in every stage of the algorithm.
In the discussion that follows, by \random walk" we

mean the random walk each particle has to perform dur-
ing the randomization phase of stage i of the algorithm.
Also denote by Ni the graph of valid solutions during
the same stage. We remind again here the de¯nition of
expansion:

De¯nition 1 The expansion of a graph N is:

v = min
jSj∙ jNj

2

½ jN(S)j
jSj

¾
;

where N(S) denotes the neighbors of S in N ¡ S.
Let now p(n) be some polynomial.

De¯nition 2 A graph N has local expansion v for some
polynomial p(n) if and only if all subsets S of size less
than jN j=p(n) have at least vjSj neighbors outside S.
Observe how this \implies" Property 1 above. If Ni

locally expands then the only way for a component not
to have expansion v is if its size is larger than a fraction

Assumptions

Denote by Ni the space of valid solutions during
stage i of the algorithm.

1. Ni locally expands.
2. jNij

jNi+1j < q(n), for some polynomial q(n).

Figure 1: Yet an even weaker set of assumptions with
\combinatorial °avor".

1=p(n) ofNi. But in this case there cannot be more than
p(n) such components. Similarly, a component cannot
be exponentially small (less than a polynomially small
fraction of Ni) as this would contradict the de¯nition of
local expansion. The new set of properties is shown in
Figure 1.
We now want to prove what Property 2 was doing for

us, namely that a random walk on the nodes of Ni con-
verges rapidly to the stationary distribution. However,
the usual arguments involving the expanding properties
of Ni do not seem to carry over here. What we will
do instead is ¯rst show that the collision probability de-
creases by a constant factor at each step of the random
walk and then show that this guarantees the uniform
distribution of particles.

De¯nition 3 Let f be a probability distribution on
some set X. The probability of picking the same ele-
ment twice from X is called the collision probability of
X and is given by kfk =Pi2X f

2
i .

The following lemma attempts to capture the decrease
in collision probability of a random walk on the nodes of
an arbitrary graph N with weak expansion properties.

Lemma 1 Let N be a graph with local expansion v for
some polynomial p(n). Let also f be a distribution on
the vertices of N and P be the probability matrix of the
random walk on N . If kfk ¸ 4p(n)=jN j then kfPk ∙
(1¡ v2

16d2
)kfk, where d is the maximum degree of N .

Proof: We follow the argument of Mihail[M89] to
bound the rate at which the collision probability de-
creases in terms of the expansion of small sets. The
convergence rate of a random walk can be viewed as the
di®usion of a \charge", essentially the discrepancy vec-
tor that expresses the distance from stationarity, along
the edges of the expander. In our case however, this
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argument has to be modi¯ed a little bit for two reasons.
First, because only small sets have good expansion, and
second because the graph may be disconnected and the
stationary distribution not well de¯ned.
In what follows let m = jN j=p(n) be the value for

which sets of size smaller than m have expansion v. Or-
der the vertices of N so that f1 ¸ f2 ¸ ¢ ¢ ¢ fjN j, let Ak
be the set of the ¯rst k vertices and (Ak; ¹Ak) be the set
of edges between Ak and its complement.

Claim 1 The di®erence kfk ¡ kfPk satis¯es:

kfk ¡ kfPk ¸ 1

4d2

hPjN j¡1
k=1 (f2k ¡ f2k+1)j(Ak; ¹Ak)j

i2
kfk ;

where d is the maximum degree of the graph N .

Proof: As in [M89]. 2

Using the de¯nition of expansion v we know that
j(Ak; ¹Ak)j ¸ vjAkj for k ∙ m, hence
jN j¡1X
k=1

(f2k ¡ f2k+1)j(Ak; ¹Ak)j ¸ v

mX
k=1

(f2k ¡ f2k+1)k

¸ v(

mX
k=1

f2k ¡mf2m+1)

¸ v

2
kfk (1)

where we used the bound fk ∙ 1=k and the hypothesis
kfk ¸ 4=m (a few steps were omitted here). Combining
Claim 1 with (1), we conclude that

kfPk ∙ (1¡ v2

16d2
)kfk:

2

Corollary 1 For any initial distribution f and any
random walk on N , the number of steps required for
the collision probability to drop below 4p(n)=jN j is t =
16d2

v2 ln jN j
4p(n) .

We are now going to use the above results to argue
that particles remain almost uniformly distributed, dur-
ing stage i of the algorithm, among the solutions of Ni.
Let P t be probability matrix of t steps of the random
walk, where t is the time constant found in Corollary 1.
This is anNi£Ni stochastic matrix so both the columns
and the rows sum to 1, where Ni = jNij. In particular,
the average entry of this matrix has value 1=Ni.

Consider now the B particles at the beginning of the
random walk. Each one corresponds to some row (not
necessarily distinct) of the matrix P t. We would like to
show that for each such row, each of the Ni entries has
value close to 1=Ni. This may not be the case however,
as the collision probability can be as large as 4p(n)=jNij.
What we will be able to argue though is that each solu-
tion x has the right average probability of being visited,
over all B particles. Or in other words, prove that the
weighted average for each column x of the matrix is
about B=Ni.

In the analysis that follows we will show that px, the
probability of visiting solution x, is very close to its
expected value B=Ni. Denote by ∙ the cluster size (ac-
cumulation of particles at the same solution) at the be-
ginning of the random walk1, and by ¾2x the variance of
each entry of column x. It is not di±cult to see that the
variance is bounded by the collision probability divided
by Ni, which is in turn bounded by 4p(n)=N

2
i . Using

Cherno® bounds we have:

Pr[jpx ¡ B

Ni
j > ® B

Ni
] < e¡(®B=Ni∙)

2=B¾2x

< e¡®
2B=4∙2p(n)

< 1=N2
i

provided B = O(®¡2∙2p(n) lnNi). Since Ni is at most
exponentially large, the number of particles is polynomi-
ally bounded. We conclude that with high probability
and for all solutions x the probability px of visiting x is
given by px = (1§ ®)B=Ni.
How much error is accumulated after h stages of the

algorithm? Let Di be the distribution of a random par-
ticle p at the beginning of the randomization phase of
stage i. We will show that for all stages i and for all
solutions x

(1¡ ®i)
Ni

∙ Pr
p2Di

[p = x] ∙ (1 + ®i)

Ni
(2)

where the value of ®i's will be determined shortly.

Clearly, (2) is true for stage 1: After the initializa-
tion stage and because of the good expansion properties
of the whole space N , all solutions are equally likely,
so ®1 can be taken to be any polynomially small quan-
tity. Assume inductively that (2) is true for stage i.
The analysis above shows that after the randomization

1Intuitively, clusters will form during the re-distribution stages,
when certain nodes will spawn several probes in the next gen-
eration, and others will die out. The expected size of a clus-
ter at a node x with down-degree d and up-degree u will be
d =(u Avg 2 (d ) ¤ Avg 2 (1=u )) ∙ d q(n)d̂ ∙ q(n)d̂2. So it

will turn out that we can use ∙ = O(q(n)d̂2) as a good estimate.
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phase, (2) will be true for stage i + 1 for ®i+1 satis-
fying (1 + ®i+1) = (1 + ®i)(1 + ®). Setting, for all i,
®i = ® = 1=h

2, we see that after h stages the resulting
distribution is almost uniform (each solution gets vis-
ited with probability at least (1 ¡ ®)h=Ni and at most
(1 + ®)h=Ni).
Using the value of ® found above and bounding the

cluster size by ∙ = O(q(n)d̂2) we see that the number

of particles is given by B = O(d̂2h6p(n)q2(n)lnjN j).

Theorem 1 Let N be a search graph for a given prob-
lem ¦ satisfying the assumptions of Figure 1. Then \Go
with the winners" succeeds, with high probability and in
time O(Bht), in ¯nding an optimal solution for ¦ using

B = O(d̂2h6p(n)q2(n)lnjN j) particles, where d̂ is the
maximum degree of N and t is the time constant found
in Corollary 1.

3 Notation for Graph Bisection

The Gn;p;q model consists of all graphs G with n=2 white
vertices and n=2 black vertices, with edge probability
p between vertices of the same color and edge proba-
bility q between vertices of di®erent color. It can be
shown[BCLM] that with high probability the partition
with the set of white vertices in one size is the minimum
one, so the bisection width of G 2 Gn;p;q will be taken
to be 1

4
qn2. In the rest of the paper, when no confu-

sion arises from the context, bisection will mean either
a partition of the graph into two equal size pieces or the
size of that partition. We will also denote by L;R the
left and right sides of the partition and by W;B the set
of white and black vertices.
Without loss of generality we will assume that the

graphs have an even number of vertices, i.e. drawn from
G2n;p;q, so that they can be bisected exactly. Borrowing
some notation from [JSo93], we de¯ne the imbalance of
a partition ¼ to be the value k ¸ n=2 for which there are
k white vertices in one side of the partition and n ¡ k
in the other. From the discussion above, the minimum
partition is likely to have imbalance n. We also de¯ne
the de¯ciency of the graph G to be the di®erence be-
tween a random bisection and the planted one. In the
Gn;m;b model the de¯ciency is

1
2
m ¡ b. In the G2n;p;q

model m = n2(p+ q) and b = n2q. Thus the de¯ciency
is about 12n

2(p¡ q).
Given a graph G = (V;E) from G2n;p;q we will apply

GWW to it in order to ¯nd a partition with imbalance
close to n. Our goal in the rest of the paper is to show
that for almost all graphs G 2 G2n;p;q a large fraction
of the space N has the local expansion property, thus
obtaining an approximation algorithm for the minimum

bisection. Key to the analysis will be a generalization
of the following puzzle:

Puzzle: Consider a particle that starts at the origin
and at each time step makes a move in the positive
or negative direction with probability 1=2. What is the
probability that after 2n steps the particle always stayed
below the x-axis? If we introduce a positive bias ² for
the upward moves, what is the largest value of ² so that
the new probability is within some polynomial of the
unbiased case?

Answer: The number of paths that stay below the x-
axis and take the particle from the point (0; 0) to the
point (2n;¡2y), where 0 ∙ y ∙ n, is

nX
y=0

2y + 1

2n+ 1
( 2n+1n+y+1) = (

2n
n ) > 2

2n=(n+ 1):

Thus the probability that the particle stays negative
is at least 1=(n + 1), and not exponentially small as
one might have expected. To answer the second ques-
tion, we consider only the paths that end up in (2n; 0).
Their number is 1

n+1
(2nn ) > 2

2n=(n+ 1)2 and moreover
the number of upward moves is equal to the number of
downward moves. The probability that the biased par-
ticle stays below the x-axis in this case is therefore at
least

(
1

2
¡ ²)n(1

2
+ ²)n

1

n+ 1
(2nn ) > (1¡ 4²2)n 1

(n+ 1)2

>
1

(n+ 1)3
;

provided that ² <
p
lnn=8n. In the next section we will

give a generalization of the above argument to martin-
gales that will be used in Section 5 to show that the
space N has the local expansion property.

4 A Lemma about Martingales

We start by giving the de¯nition of a martingale.

De¯nition 4 Let xi, i ¸ 0 be independent random
variables. The sequence X = x0; x1; ::: is called a [per-
fect] martingale if for all i ¸ 0

E[xi+1 ¡ xi j xi; :::; x0] = 0:

Similarly, an ²-martingale is a sequence x0; x1; ::: of in-
dependent random variables so that for all i ¸ 0

E[xi+1 ¡ xi j xi; :::; x0] ∙ ²:

5



The main lemma whose proof is given at the appendix
is analogous to the second part of the puzzle. That is,
assume our martingale is biased towards the positive
direction by an ² amount. What is the largest value of
² so that for all 0 ∙ i ∙ t, xi ∙ x0?
Lemma 2 Let X = x0; x1; ::: be an ²-martingale with
values in [¡M;M ]. Denote by D+ (resp. D¡) the
distribution on the positive (resp. negative) values of
(xi ¡ xi¡1), given xi¡1; :::; x0, and by E+; E¡ the cor-
responding expectations. Let also p+ (resp. p¡) be the
probability that (xi ¡ xi¡1) is greater (resp. smaller)
than zero. Choose cp; cE so that cp ¸ max(p¡1+ ; p¡1¡ )
and cE ∙ min(E+ + E¡). Then

Pr[8i; i ∙ t; xi ∙ x0]¸
µ

1

M + 1
¡e¡4t²2=c2E

¶
e¡4tcp²

2=c2E :

In particular, if ² = cE
2

q
ln 1=¾
t

then Pr[8i; i ∙ t; xi ∙
x0] ¸

³
1

M+1
¡ ¾

´
¾cp . Choosing ¾ = 1=2M , this proba-

bility becomes polynomially small, provided cp is O(1).

5 Properties of the Space of Bi-

sections

In this section we prove that GWW can approximate
the minimum bisection. Let m = n2(p + q), the total
number of edges, and b = n2q, the size of the planted
bisection in the G2n;p;q model.

Theorem 2 For any graph G 2 G2n;p;q such that
1
2m¡b >

p
mn2= lnn or 12m¡b <

p
m lnn \Go with the

winners" succeeds in ¯nding a bisection that is within
(1+ µ) of the optimum bisection using a number of par-

ticles B that is polynomial in nO(ln
1
µ ).

Our goal will be to prove that a large part of the space
N has the local expansion property so that GWW can
be applied successfully. Since the algorithm is guaran-
teed to ¯nd the optimum bisection for that part of the
space of solutions, by relating the size of that bisection
to the optimum bisection the theorem will follow.
The proof consists of two parts: In the ¯rst part,

we show that if we are at a bisection u, then almost
all bisections of size less than some threshold T that
depends only on the current stage can be reached from
u. We do this by proving that a random walk starting
at u is unlikely to visit any bisection of value greater
than T . In other words, if our walk is represented by
a particle starting at u, then with high probability the
particle will always be below T . The connection with
the results of the previous section is clearer now.

In the second part, we use this property to argue that
all sets of size up to a polynomially small fraction of
Ni expand well. Combining the two parts together with
the result of Section 2 the theorem will follow.

5.1 Good Sideways Movement for Bi-
sections

Suppose we are at a bisection u of value less than T and
imbalance k. Repeat the following t = O((n¡k) ln n

n¡k )
times (this value of t will be justi¯ed later): Pick at
random two vertices l; r at opposite sides of the par-
tition that have the same color and interchange them.
What is the probability that we never visit a bisection of
value greater than T? Observe that if this probability is
polynomially small and the resulting bisection is a ran-
dom one, then there can be no more than a polynomial
number of components. This however, doesn't exclude
the possibility of these \components" being loosely con-
nected and that's why we will only try to prove that
the local expansion property holds. Bear also in mind
that this random walk is not part of the algorithm. The
algorithm has no way of knowing how the vertices are
colored or what is the imbalance of a bisection.

Let x0 = juj be the cost of bisection u, and yi be
the change in cost resulting by interchanging two ver-
tices in the i-th step of the walk. The distribution of
yi can be expressed as the sum and di®erence of 8 sets
of edges according to the color and the location of their
endpoints in the partition. To ¯x a notation let ELWLW

be the set of edges among the k white vertices on the
left side, ELWRW be the set of edges connecting the k
white vertices on the left with the n ¡ k white vertices
on the right and similarly de¯ne all other cases.

Given such a set, denote by N the total number of
potential edges in the set. Each edge in the set ap-
pears with probability P equal to either p or q, and the
contribution V of each edge to the expected change is
the probability that the edge is connected to either l
or r. The possible combinations are shown in Figure
2. Then yi is given by the sum NPV over all possible
sets of edges which is not di±cult to see that if the sets
ELWLW ; :::; ERWRB didn't deviate from their expected
values shown in Figure 2, xi = xi¡1+yi would be a per-
fect martingale. Since this is not necessarily the case,
we have to ¯nd the values of imbalance k for which the
sequence x0; x1; :::; xt remains an ²-martingale.

A failed ¯rst attempt: One approach to do this is
by bounding the deviation of each such set from its ex-
pected value by an ² amount. Doing so, the change
yi, which is the sum NPV for each such set, will be

6



Set of edges # of edges N Prob. P Value V

ELWLW (k2) p 2
k

ELWRW k(n¡ k) p ¡ n¡2
k(n¡k)

ELWRB k2 q ¡ 1
k

ELWLB k(n¡ k) q 1
k

ELBRW (n¡ k)2 q ¡ 1
n¡k

ELBRB k(n¡ k) p 0

ERWRW (n¡k2 ) p 2
n¡k

ERWRB k(n¡ k) q 1
n¡k

Figure 2: Di®erent sets of edges contributing to the ex-
pected change yi.

bounded by O(²) and the resulting sequence will be an
² martingale. In fact we will consider only the second
set of edges shown in Figure 2 since its contribution is
the dominating one. Using Cherno® bounds we get:

Pr[jELWRW ¡NPV j > ²] < e¡(²=V )
2=NP

= e¡²
2=NPV 2

(3)

∙ 1

nO(1)

provided ² = O(
p
NPV 2 lnn). Substituting the values

of N;P and V we ¯nd that ² = O(
q

np lnn
n¡k ). What is

now the probability qvalid that in t steps we never visit
a bisection of size greater than that of u? Plugging in
the value of ² found above to the probability in Lemma
2 and estimating M; cp and cE by n

2;O(1) and O(
p
np)

respectively, we see that qvalid is given by:

qvalid = e¡O(
tnp lnn
(n¡k)np )

= n¡O(
t

n¡k )

= n¡O(ln
n

n¡k )

since t = O((n ¡ k) ln n
n¡k ). Observe that this proba-

bility remains polynomially small so long n¡k = O(n).
This is almost all we had to prove as this probability
must also be greater than the probability q² shown in
(3). The reason being that q² is the probability that
the deviation fails to be within the required bounds, so
we want to make sure that the total failure probability
q² + (1 ¡ qvalid) is less than one, or q² < qvalid. This is
not the case however, as one can show by substitution

that qvalid = q
O(ln n

n¡k )
² . This approach was bounded

to fail because two contradictory situations arose. Try-
ing to stay below u meant exactly entering the region
where the deviation becomes big. But we can stay be-
low u only if the deviation is small.

A better approach: We failed in our previous ap-
proach because we restricted the random walk to stay
below u and not below the threshold T , as was origi-
nally our goal. The smaller is u from its expected value,
the larger the deviation becomes but also the larger the
distance from T becomes. Hence we might be able to
correct the problem by taking the value of u into ac-
count.
Let v be the neighbor of u. Then the expected change

jvj ¡ juj satis¯es (to simplify the notation, hereby u will
also denote the size of the bisection)

Exp[v ¡ u] ∙ (
1

k
+

1

n¡ k )(Ek ¡ u)

<
2

n¡ k (Ek ¡ u)

= ²0 +
2

n¡ k (T ¡ u) (4)

where Ek = 2k(n¡k)(p¡ q)+n2q is the expected value
of a bisection of imbalance k and ²0 =

2
n¡k (Ek ¡ T ).

De¯ne now the extended value of u to be

P (u; tI) = u+
2

n¡ k tI(T ¡ u)

where tI is the length of a subinterval of the random
walk so that 2

n¡k tI < 1. Since t = O((n ¡ k) ln n
n¡k )

there can be at most O(ln n
n¡k ) such subintervals. Our

goal now is to show that for two neighboring bisections
u; v the expected change P (v; tI¡1)¡P (u; tI) is at most
²0, thus making the whole process an ²0-martingale. By
direct substitution we have:

P (v; tI ¡ 1)¡ P (u; tI) =
(1¡ 2

n¡ k tI)(v ¡ u)¡
2

n¡ k (T ¡ v)

Taking expectations of both sides and using (4) we ob-
tain

Exp[P (v; tI ¡ 1)¡ P (u; tI)] ∙ ²0

Thus the whole process is an ²0-martingale for each
subinterval of length tI . What is the probability that
we stay below the threshold T? Using the results of
Lemma 2, for each subinterval of the random walk this
probability is

qI = e¡O(tIcp²
2
0=c

2
E)

= e¡O((n¡k)²
2
0=np)

Thus the overall probability is simply qI raised to the
number of such intervals, i.e.

qvalid = q
O(ln n

n¡k )
I

= e¡O(
(n¡k)²2

0
np ln n

n¡k ) (5)

7



We need now estimate the maximum allowable value
of ²0, so that qvalid remains polynomially small. Since
²0 is proportional to the di®erence Ek ¡ T , this will
also give us the minimum value of thresholds T that the
algorithm can be applied successfully.

De¯nition 5 Let u be a random bisection of imbalance
k. We call a threshold T good for k if and only if

Pr
u
[u ∙ T ] ¸ 1

nO(1)

It is not di±cult to see that if u is a random k-bisection,
then the probability that the value of u is less than T is
about pk;T = e

¡(Ek¡T )2=Ek . Thus T is good for k if Ek¡
T ∙ pEk lnn or T ¸ Ek¡

p
Ek lnn. Since Ek is O(n

2p),

the di®erence Ek ¡ T can be at most O(
p
n2p lnn) and

thus ²0 = O( 1
n¡k

p
n2p lnn). Plugging this value into

(5), we ¯nally have

qvalid = n
¡O( n

n¡k ln
n

n¡k ) (6)

By being more careful we can get rid of the extra
n=(n ¡ k) factor in the exponent. We now have to
¯nd the smallest value of threshold T that the algo-
rithm can be applied successfully. More precisely, we
need to ¯nd the T so that the k-bisections for which T
is bad, constitute only a polynomially small fraction of
the space of bisections that have value less than T . By
doing so, we will ultimately ¯nd the range of distribu-
tions G2n;p;q for which the algorithm is e®ective. De-
note by Nk, n=2 ∙ k ∙ n, the number of k-bisections,
i.e. Nk = (

n
k )
2. Our goal is to ¯nd the conditions under

which P
k is badNkpk;TP

kNkpk;T
∙ 1

nO(1)
(7)

Let rk be equal to the ratio Nkpk;T =Nk+1pk+1;T . If
we can show that for all k < k0, where k0 is the largest
k which is bad for T , rk is less than one, then (7)
will be satis¯ed since the numerator will be at most
(k0 ¡ n=2)Nk0pk0;T while the denominator will be at
least Nk0+1pk0+1;T . This quantity however is polyno-
mially small as the ratio Nk0=Nk0+1 is bounded by a
constant while the ratio pk0;T =pk0+1;T is polynomially
small since k0 is bad for T .
Expanding rk we have

rk =

µ
k + 1

n¡ k
¶2
e
¡ (Ek¡T )2

Ek e
(Ek+1¡T )2

Ek+1

<

µ
k + 1

n¡ k
¶2
e
¡(Ek¡Ek+1) (Ek¡T )Ek

<

µ
k + 1

n¡ k
¶2
e
¡2(2k¡n+1)(p¡q)

p
Ek lnn

Ek

= e
¡2(2k¡n+1)( (p¡q)n

p
lnn
p ¡ 2

n ) (8)

where the last inequality follows after estimating (k +
1)=(n ¡ k) as e2(2k¡n+1)=n when both k and n ¡ k are
O(n), and overestimating Ek by n

2p. It thus follows
that so long (p ¡ q) > 2

p
p= lnn, the number of k-

bisections for which k is bad for T is always a polyno-
mially small fraction of the state space, no matter how
small T becomes. Translating this condition on (p¡ q)
back to the de¯ciency of the graph, we ¯nd that the
di®erence 1

2
m¡ b must satisfy

1

2
m¡ b >

p
mn2= lnn (9)

Similarly, we can show that GWW can be e®ective
when

1

2
m¡ b ∙

p
m lnn (10)

Observe that (9) applies only for very dense graphs
(m = (n2= lnn)). In the next section however we will
see that this situation improves a lot if one considers
hypergraphs.

It remains now to see why after t = O((n¡k) ln n
n¡k )

steps the resulting bisection is a random one. Consider
the set of white vertices in u. Initially, we have k ver-
tices on the left side of the partition and n ¡ k on the
right. At the end of the walk we want to argue that the
resulting partition v is a random one. What would be
the properties of such v? We know by standard proba-
bilistic arguments that v would have (n ¡ k)2=n white
vertices in common with the n¡ k vertices of u. Thus,
our goal is to perform the walk so that (n¡k)¡(n¡k)2=n
random vertices get removed from the right and be re-
placed with random vertices from the left. With one
extra detail, however. When we remove a vertex that
originally belonged to the right side and put it to the
left, we are not allowed to move it back at a later step.
In other words, we mark such a vertex once it is moved
to the left, and we cannot switch it back again. There is
no limitation however with vertices that originated from
the left side, as they can be switched back and forth.
This walk is reminiscent of sampling with replacement

from a population ofN distinct elements until r di®erent
elements are obtained. In our case, N = n ¡ k and
r = (n ¡ k) ¡ (n ¡ k)2=n, the vertices that have to be
removed. The expected sample size (length of random
walk) in such a situation is less than N ln N

N¡r (see also
[Fel68, Chapter IX.3]). Replacing the values of N and
r we ¯nd that t = O((n¡ k) ln n

n¡k ).
It is not di±cult to see that the resulting bisection v is

uniform among all bisections that have (n¡k)2=n white
vertices in common with u. To make it random among
all bisections, we simply choose a value I for the size
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of intersection with the right probability (the expected
size is (n ¡ k)2=n), and we perform the random walk
until n¡ k ¡ I vertices get removed.

5.2 Sideways Movement Implies Local
Expansion

Our goal in this part is to prove that all sets S of size
less than a polynomially small fraction of Ni expand
well. If we compute the number of neighbors N(S),
then the expansion will be at least jN(S)j=jSj, since S is
arbitrary. The way to do this is by counting the number
of edges leaving S. The number of neighbors will simply
be the number of edges divided by the maximum degree,
which is less than n2 in our case.
A standard technique[JS88] of counting the number of

edges leaving S is ¯rst to de¯ne a set of canonical paths
among the vertices ofNi and then establish that no edge
is used by too many of these paths. If the congestion
of each edge is bounded by bjNij, the expansion will be
at least 1=2bd, where d is the maximum degree of the
graph. In our case however, it seems di±cult to get
an easy bound on the congestion of each edge due to
the special nature of the random walk. What we will
do instead is argue that two valid paths starting in S
are unlikely to have any nodes in common. Since these
paths exit S using di®erent edges, by estimating the
number of such disjoint paths we will be able to get a
lower bound on the number of neighbors of S.
Let PS be the set of paths leaving S, i.e. jPS j = jSjj ¹Sj,

and VS be the set of paths that do not use any invalid
bisections, i.e. jVS j = qvalidjPS j.
Lemma 3 PrP1;P22PS [P1 \ P2 6= ;] ∙ n2=jSj.
Proof: Consider two random paths in S. The probabil-
ity that these paths start from the same node is equal
to the collision probability of the uniform distribution
in S, which is equal to 1=jSj. Due to the good expan-
sion properties of the whole space of bisections and in
light of Lemma 1, the collision probability at each step
of the walk is always bounded by 1=jSj. What is the
probability that two speci¯c nodes, one from each path,
are the same? This probability is bounded by the maxi-
mum of the collision probabilities of these nodes, which
is always less than 1=jSj. Summing over all t2 possible
pairs, where t < n is the length of the random walk, the
lemma follows. 2

It follows that two paths in VS have a common node
with probability at most qc = n

2=q2validjSj. De¯ne now
a graph H where each node represents one of the jSjj ¹Sj
possible paths leaving S. Two such nodes are connected

by an edge if and only if the corresponding paths are
not disjoint, something that happens with probability
qc. Our goal is to ¯nd an independent set in H , i.e. a
set of disjoint paths. Applying Turan's theorem in H we
see that there exist an independent set of size at least
q2validjSj=2n2. Since these paths exit S using di®erent
edges, we conclude that the number of these edges is
at least q2validjSj=2n2 and therefore the expansion is at
least q2valid=4n

4, since S is arbitrary.
What is the maximum size of S? S has to be such

so that a random walk starting in S should not end up
in S. This will happen if the probability jSj=jNij of
returning in S is smaller than qvalid. In other words
jSj << qvalidjNij. We conclude this section by proving
Theorem 2.

Proof of Theorem 2: Set p(n) = 1=qvalid =
O(nln

n
n¡k ). >From the discussion above it follows that

all sets of size less than jNij=p(n) have expansion at
least 1=p2(n)n4. Thus the space Ni satis¯es the no-
tion of local expansion and the results of Section 2
apply here. Since p(n) remains a polynomial as long
as n ¡ k = O(n), we can apply GWW to ¯nd the
minimum bisection for that part of the space of solu-
tions. But how good is this bisection? Let u be the
k-bisection returned by the algorithm. The expected
size of u is Ek = 2k(n ¡ k)(p ¡ q) + n2q. Set now
k = ±n and p¡ q = °q. Let b = n2q be the size of the
planted bisection. We can write the expected size of u
as Ek = (1+ 2±(1¡ ±)°)b < (1+ 2(1¡ ±)°)b = (1+ µ)b.
Thus the algorithm succeeds in ¯nding a bisection that
is within (1+µ) of the optimum using a number of parti-

cles that is a polynomial on p(n) = nO(ln
2°
µ ). Since the

interesting case is when ° = (1), the algorithm uses
polynomially many particles when µ remains a constant.
Better approximations can be found at the expense of
the particles used and hence the running time of algo-
rithm. The theorem follows since equations (9) and (10)
give the range of distributions for which the algorithm
is e®ective. 2

6 Extension to Hypergraphs

Graph bisection is a problem that appears frequently in
VLSI because of the hierarchical approach often used
in system design. A very useful representation of such
a system is by a hypergraph H(V;E), where the node
set V = f1; 2; :::; ng represents the set of di®erent mod-
ules of the system and the hyperedges E = f1; 2; :::;mg
represent the input-output relationships among the var-
ious modules. For example edge e = fv1; v4; v5g might
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represent a signal connecting modules v1, v4 and v5. In
general, an edge e 2 E can be any subset of V such that
jej ¸ 2. We call a hypergraph H(V;E) l-uniform if each
of the edges contains exactly l vertices of V .
In the previous sections we studied the behavior of

GWW for simple graphs (or 2-uniform hypergraphs).
We saw in Theorem 2 that the algorithm can approxi-
mate the size of the planted bisection provided the graph
is quite dense. In what follows we will show that GWW
can do much better in bisecting random l-uniform hy-
pergraphs, where l ¸ 3. We start our discussion by
considering random 3-uniform hypergraphs.
Our model consists of all graphs H2n;p;q with n white

and n black vertices. An edge of such a graph is called
monochromatic if it connects vertices of the same color.
Monochromatic edges in H appear with probability p,
while edges containing di®erent colored vertices appear
with probability q. A bisection of H is a partition of
the graph into two equal sized pieces and the size of the
bisection is the number of hyperedges with at least two
vertices in di®erent sides of the partition. If q < p then
with high probability the partition with the set of white
vertices in one side is the minimum one, so the bisection
width of H 2 H2n;p;q will be taken to be 2(n1 )(n2 )q.
Working as in Section 3, the de¯ciency is about

1
4n

3(p¡ q). We will be able to show that GWW can ap-
proximate the minimum bisection for graphs H whose
de¯ciency satis¯es 3

4
m ¡ b ¸ 1

2

p
mn2= lnn. This is

already an improvement over the results of Section 5
as this implies p ¸ 1=n lnn. Observe that a dense 3-
uniform hypergraph has p = O(1) while a sparse one
has p = O(1=n2). The details are omitted from this
paper.

7 Future Research

We gave a new property that characterizes the entire
space of solutions, namely local expansion, and a general
technique for showing that solutions spaces for random
instances of problems have this property. We applied
this technique to the minimum bisection problem and
showed how GWW can approximate the minimum bi-
section for random graphs as well as hypergraphs. We
believe the set of tools we developed may be found help-
ful in the analysis of similar optimization problems such
as SAT, cliques (see also [Jer]), and so on.
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Appendix

Here, we complete the proof of Lemma 2. Our ¯rst
result is analogous to the ¯rst part of the puzzle and es-
timates the probability of a martingale \staying below"
the x-axis which is now translated to x0. In particular it
answers the following question: What is the probability
that in t steps the values of the variables x1; x2; :::; xt
are all less than x0+1? (If the martingale takes on only
integer values, this is the same as being ∙ x0).
Lemma 4 Let X be a perfect martingale in [¡M;M ].
Then Pr[8i; 0 ∙ i ∙ t; xi < x0 + 1] ¸ 1=(M + 1).

Proof: Let p be the probability that in t steps the par-
ticle stays below x0. We will dominate X with another
martingale X 0 such that x0i = xi when xi ∙ x0 but
x0i = xi0 , for i > i0 when xi0 > x0. Clearly, if X is
a perfect martingale then X 0 is also perfect. The ex-
pected di®erence x0i ¡ x00, 0 ∙ i ∙ t, will be at most
p(¡M) + (1 ¡ p)(+1) which is bounded from above by
E[x0i ¡ x00] = E[xi ¡ x0] = 0. Solving for p, we obtain
p ¸ 1=(M + 1). 2

We now turn our attention to the second part of the
puzzle. Assume our martingale is biased towards the
positive direction by an ² amount. What is the largest
value of ² so that for all 0 ∙ i ∙ t, xi ∙ x0?

Proof of Lemma 2: The idea is to reduce the biased
case to the unbiased one by showing that the number of
biased sequences x1; :::; xt is polynomially related to the
number of unbiased sequences ~x1; :::; ~xt that stay below
x0. Then, using Lemma 4 the result will follow.
Let ~x1; :::; ~xt be chosen as follows. Let D be the con-

ditional distribution on xi given that x1 = ~x1; :::; xi¡1 =
~xi¡1, and let D+; D¡; E+; E¡; p+; p¡ be as in the state-
ment of the lemma. Since X is an ²-martingale, these
will satisfy

p+E+ ¡ p¡E¡ ∙ ²:
\Adjust" now p+; p¡ by setting q+ = p+ ¡ ± and q¡ =
p¡ + ±, so that q+E+ ¡ q¡E¡ = 0, by picking ± =
(p+E+¡p¡E¡)=(E++E¡). Clearly, ± ∙ ²=(E++E¡) ∙
²=cE . Sample now ~xi from D+ with probability q+ and
from D¡ with probability q¡. It is not di±cult to see
that ~X = ~x1; :::; ~xt is a perfect martingale. Thus the set

G = f®1; :::; ®t j ®i ∙ x0g;
of all sequences ®1; :::; ®t that stay below x0 has accord-
ing to Lemma 4 measure at least 1=(M + 1) or in other
words Pr[ ~X 2 G] ¸ 1=(M +1). De¯ne now the set B of
bad sequences ~® = (®1; :::; ®t) so that

B = f~® j Pr[X = ~®] < ¾cp Pr[ ~X = ~®]g;

where ¾ < 1 and cp = max(p
¡1
+ ; p¡1¡ ).

Claim 2 Pr[ ~X 2 B] < ¾.
Using the claim we know that Pr[ ~X 2 G ¡ B] ¸

( 1
M+1

¡ ¾). Applying the de¯nition of B, this means
that Pr[X 2 G ¡ B] ¸ ( 1

M+1
¡ ¾)¾cp and the lemma

follows. Thus in order to complete the proof we only
have to show that the claim is true.

Proof of Claim 2: ~® = (®1; :::; ®t) 2 B if and only if
the following is true:

Pr[X = ~®] < ¾cp Pr[ ~X = ~®] or,

ln
Pr[ ~X = ~®]

Pr[X = ~®]
> cp ln

1

¾
or,

tX
i=1

ln
Pr[~xi = ®i j ®i¡1; :::; ®1]
Pr[xi = ®i j ®i¡1; :::; ®1] > cp ln

1

¾
or,

tX
i=1

vi > cp ln
1

¾
;

where we set vi = ln Pr[~xi=®i j ®i¡1;:::;®1]
Pr[xi=®i j ®i¡1;:::;®1] . We will now

use Hoe®ding's lemma to argue that this happens with
probability at most ¾. The expectation Ei of each vi is
given by

Ei = q+ ln
q+
p+

+ q¡ ln
q¡
p¡

= q+ ln(1¡ ±

p+
) + q¡ ln(1 +

±

p¡
)

< ¡q+ ±

p+
+ q¡

±

p¡

= ±2(
1

p+
+
1

p¡
)

< 2cp±
2

Thus, the total expected change
P

i Ei is bounded by
2tcp±

2. Similarly, the absolute value of each vi is
bounded by cp±. Applying Hoe®ding's inequality we
get

Pr[
X
i

vi ¡
X
i

Ei > ¯] < e¡(¯=jvij)
2=t

< e¡¯
2=tc2p±

2

Choosing ¯ =
P

i Ei and setting the above probability
equal to ¾ we ¯nd that

Pr[
X
i

vi > 4tcp±
2] < e¡4t±

2

or,

Pr[
X
i

vi > cp ln
1

¾
] < ¾ for ± =

1

2

r
ln 1=¾

t
:

The lemma follows since ² ¸ cE±. 2
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